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Time-Dependent Response of a Two-Dimensional
Airfoil in Transonic Flow

D. P. Rizzetta*
Air Force Flight Dynamics Laboratory, Wright-Patterson AFB, Ohio

A procedure is developed for the aeroelastic analysis of a two-dimensional airfoil in transonic flow. The fluid
is assumed to be described by the unsteady low-frequency small-disturbance transonic potential equation for
which a fully time-implicit integration scheme exists. Structural equations of motion are integrated in time
simultaneously with the potential equation in order to predict the unsteady airfoil motion. As a computationat
example, a three-degree-of-freedom NACA 64A010 airfoil is considered using representative values of the
structural parameters. The method is shown to be both stable and accurate, and the time response for several
choices of initial conditions and reduced freestream density is presented. Oscillations with either growing or
decaying amplitudes are indicated depending upon the prescribed initial conditions.

Introduction

OR the case of flow over an airfoil in-a freestream at

Mach numbers near 1, small amplitude motions of the
body surface can produce large variations in the aerodynamic
forces and moments acting on the structure. In addition,
phase differences between the flow variables and the resultant
forces may be great. These characteristics tend to enhance the
probability of encountering aeroelastic instabilities in the
transonic flow regime, and thus evidence a need for tech-
niques of analyzing the coupled unsteady flowfield and
resultant structural response in such situations.

In the subsonic and supersonic cases, the governing flow
equations may be linearized such that the aerodynamic forces
depend upon the body motion in a linear fashion. Moreover,
thie resultant forces acting on the airfoil may be obtained
through superposition by summing the contributions due to
each of the various types of body motion permitted. This
allows the linear structural equations of motion to be solved
independent of the governing aerodynamic equations which
provide only the force coefficients. Uncoupling of the fluid
and structural equations is not, in general, possible for the
transonic regime due to its inherent nonlinear nature.

Recent advances in computational methods have made
several approaches available for computing unsteady tran-
sonic flows. While a number of different techniques have
evolved and various physical problems have been con-
sidered, "'¢ the unsteady body motion was generally
prescribed as a known function of time, thereby precluding
the simulation of true aeroelastic behavior. Only more
recently have these procedures been applied to actual
aeroelastic problems.!”!® It is the intent here to describe a
method for obtaining the time-dependent response of a two-
dimensional airfoil in transonic flow and to provide a
computational example by applying this technique to a
physical situation of practical interest.

The governing aerodynamic equation of motion is assumed
to be the unsteady low-frequency small-disturbance transonic
equation for the velocity potential function which is capable
of simulating nonlinear flow phenomena including irregular
shock wave motions. Solutions to this equation havé com-
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pared well with solutions of the unsteady Euler equations!'’
and have predicted behavior which has commonly been
observed experimentally. In addition, a fully time-implicit
method of integrating this equation already exists. Structural.
equations of motion for a three-degree-of-freedom airfoil are
formulated by modeling the structure as a spring-mass
system. The coupled aerodynamic and structural equations
are then integrated in time such that the flowfield and the
response of the airfoil to the resultant aecrodynamic forces are
allowed to interact in a manner much like the physical
situation.

The method of time integration has previously been applied
in a superficial manner for an aeroelastic calculation. In Ref.
17, several types of motion for a simple one-degree-of-
freedom airfoil were shown to result by varying the structural
parameters. While the approach here is considered a direct
extension of that effort, an alternative point of view is taken.
The structural parameters are presumed fixed and the motion
resulting from several choices of the initial conditions and
reduced freestream density is considered. Because of the
nonlinear equation for the velocity potential, oscillations with
either growing or decaying amplitudes may be produced solely
by the choice of initial conditions.

Governing Equations

The airfoil of chord ¢, linear mass distribution m(x), and
maximum thickness to chord ratio § is depicted in Fig. 1. If
K,, K,, and K are the respective spring constants, D,, D
and D, the respective damping coefficients for assumed
uncoupled damping, and C,, C,,,, and C,,, the force coef-
ficients, then the physical equations for the spring-mass
system are the following: '°

d?h d"a d?g dh

M- +S,~ +S;— +D,—
dr? Pdr T T dr
+K h=p ulc?C,(t)/2 (1a)
d2hn d?a dzﬁ da

S”d +1, dtz +[(x, — xh)Sﬁ+1ﬁ]d 3 +D, a;
+Kaa=poouiecjcmo(t)/2 (1b)
d?h d?a d?g dg

Sﬂ FTE +[(X Xh)SB+IL3]W +[ﬂd7 +‘Dga

+Kﬁﬁ=pmu£ncjcmh(t)/2 (lC)
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Fig. 1 Airfoil with plunge, pitch and aileron degrees of freedom.

where
M= S ‘ m(x)dx 2)
0
S(X:gc (x,—x)ym(x)dx (3a)
0
Sy= -gxf (x, —x)ym(x)dx (3b)
1= e —x)?moax (4a)
0
and
Iﬁzg; (x, —x)’m(x)dx (4b)

These can be put into a nondimensional form which will be
compatible with the velocity potential equation by defining

§=x/c (5
T=u,8%"t/c (6)
o=h/c (7
£,=8,/cM (8a)
E,=Sg/cM (8b)
gr=I,/c*M (9a)
gr=I,/0*M (9b)
w,=(c?K, /uiM) " (10a)
Wo = (K /ulEiM) " (10b)
wp= (Kg/uZ e 3M) * (10¢)
{,=cD, /2u o M (11a)
Co=CEED [ 2u g, T, (11b)
So=CEDy /1 2u wply (11¢)
and
p=2M/pc? (12)
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If these equations are substituted into Egs. (1), then the
following equations result:

0" (1) +E,a” (1) +EB" (1) +26 7w, 8,07 (1)

+6 3 wo(r)y =86 "73C, (1) /n (13a)

E 0" (1) +E5a” (1) +[(E, —£) E,+EF1B7 (1)

+2672Bw, fa’ (1) +8 7 Erwla(r) =843 C,,, (1) /1
(13b)

Er0" (1) + [, —Ep) Ep+EHQ” (1) +E1B7 (7)

+26 7wt (1) 48 P ERlB(1) =63 C (1) /1
(13c¢)

This system may be written as the vector equation
MX" (1) +DX' (1) +XX(7)=C(7)/u (14)

such that the solution to Eq. (14) with initial conditions X(0)
and X' (0) provide the unsteady airfoil response.

If the flow is assumed to be irrotational, the Mach number
near 1, 6 small, and only low-frequency unsteady disturbances
are considered, then a simple equation for the perturbation
velocity potential function results. This is the low-frequency
small-disturbance equation?® which is the leading order result
for transonic flow and will be used here in the non-
dimensional form

(=MLY — I+ )ML 10 + ¢, =2M% ¢, (15)

Boundary conditions for Eq. (15) are obtained from flow
tangency on the airfoil surface, from the Kutta condition at
the trailing edge with a constant jump in potential across the
vortex sheet in the wake, and by requiring the perturbation
velocity to vanish at infinity. The airfoil geometry may be
described by

y=cof(§) (16)

such that the surface boundary condition becomes

¢,=S" (&) —a(r)/d for O0<f<g, (17a)

¢, =" (&) —a(r)/6—0(7)/8 for E,<t<] (17b)

where Eqgs. (17) are applied on =07 as is consistent with the
small-disturbance assumption. It is noted that to the order
considered in Eq. (15) there is no explicit dependence upon o
appearing in the surface boundary condition. The solution of
Eq. (15) with corresponding boundary conditions and initial
profile ¢(&,7,0) provides a complete flowfield description.
The resultant local unsteady pressure coefficient is then given
by

C,=~25%¢, (18)

from which the airfoil lift and moment coefficients may be
obtained as

!
c,=§0 (Cp- —C,e )ds (19)

O
Il

!
o= (Cpm =G (5, —Ed (208)

Con=| (=) Eu-pra (200)

&
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Method of Solution

We now indicate a method for obtaining solutions to the
coupled aeroelastic system Eq. (14) with specified initial
conditions and Eq. (15) with appropriate boundary conditions
and initial profile ¢ (£,1,0). Equation (14) is written as an
equivalent first-order system with

X, (1) =X(1) (2la)

X, (1) =X"(7) (21b)
such that

Xi(r)=X,(7) (22a)
and

X3 (1) =M~ [C(1) /u—DX, (1) =KX, ()] (22b)

This system is then integrated in time by a four-point Adams-
Moulton?! implict predictor-corrector scheme having a local
truncation error of order (A7) #. A number of other methods,
both explicit and implicit, were tried. It was found that when
coupled with the aerodynamic equation (from which C(7) is
obtained), calculations eventually became unstable for central
difference and three-term Taylor series explicit schemes and
for Euler-Cauchy and Milne three-point implicit schemes,
even when extremely small time step sizes were employed. A
Milne five-point implicit method with local truncation error
of order (A7)?%, although stable, appeared to produce less
accuracy than the Adams-Moulton integration. No attempt
was made here to obtain normal modes for the airfoil
response as this is not, in general, possible for arbitrary values
of the mass, damping, and stiffness matrices (3, D, X). 22

For comparison with the time-integrated results of Egs. (22)
it will be of interest to consider homogeneous solutions of the
structural system. In particular, for y— oo the homogeneous
result should be recovered. For C(7) =0 solutions to Egs. (22)
were obtained from the associated eigenvalue problem. These
solutions are thus considered ‘‘exact’’ as they are free of the
truncation error which is present in time-integrated results.

An efficient time-implicit finite-difference algorithm has
been developed for obtaining solutions to the low-frequency
transonic equation. This technique was incorporated in the
computer code LTRAN2 developed by Ballhaus and Goor-
jian!® for the purpose of computing unsteady transonic flows
over airfoils using Eq. (15). Details of LTRAN2 will be briefly
summarized here, but for a more complete description the
reader is referred to Ref. 15. .

The basic LTRAN2 code employs a noniterative alter-
nating-direction implicit (ADI) scheme to advance the
solution for ¢ from one time step to the next at each grid point
in the computational flowfield. Differencing in the £ direction
is of the mixed type, which has been quite successful in
maintaining stability for both subsonic and supersonic flow
regions in the case of steady transonic flows.? Conservative
differencing of the equation is preserved, which is essential
for a proper description of shock wave motions. While the
ADI scheme has no time-step limitation for stability based
upon classical linear stability analysis, instabilities may be
generated by the motion of shock waves due to the mixed
differencing. Thus A7 must be chosen such that shock waves
do not travel more than one mesh point in the £ direction over
a single time step. Mesh boundaries are taken sufficiently far
from the airfoil such that the perturbation velocity ap-
proaches zero there. For this purpose a smooth nonuniform
computational mesh which is symmetric about =0 is em-
ployed. The grid spacing is such that mesh points are clustered
near the airfoil leading and trailing edges in the ¢ direction
and near =0 in the 5 direction. For all of the results
presented here, 99 £-points with 33 lying on the airfoil and 79
n-points were used to form the computational flowfield.
Minimum grid spacings were taken as Af_;, =0.0033 and
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Anpin = 0.0200 with the computational domain defined by —
1033.5<¢(=<855.9and —811.1 =y =<8l11.1.

In order to incorporate the simultaneous solution of the
structural equations, it was necessary to adapt the original
LTRAN2 code to accommodate the predictor-corrector in-
tegration. The marching technique thus becomes a coupled
two-step process. Although this in effect doubles the com-
puting time for fixed A7, without this modification stable
calculations .could not, in general, be obtained. Details of
implementing this procedure are briefly summarized in the
Appendix.

Results

All of the results presented here correspond to an NACA
64A010 airfoil which is 10% thick and representative of
transonic airfoils commonly in use. In order to establish the
accuracy and stability of the computational method it will be
demonstrated that an exact solution of the structural
equations can be reproduced by time integration. Using a
steady-state profile for M, =0.72 as the initial condition, Eq.
(15) alone was integrated in time for three periods of forced
oscillation with the airfoil displacements specified according
to the prescribed functions

o(r) =a(7) =B(r) =0.01745sin(0.2337) (23)

corresponding to 1 deg of airfoil and flap oscillation at a
reduced frequency (wc/u,) of 0.05. After a short period of
time the effect of the initial conditions was negligible such
that the aerodynamic forces C,, C,,, and C,, became
periodic. The amplitude and phase for each force was ex-
tracted from the numerical results and introduced into Egs.
(22). Structural parameters comprising the mass, damping,
and stiffness matrices and reduced density u were then chosen
such that Eq. (23) represented the solution of the structural
system. At this point the combined aeroelastic equations were
integrated in time using as initial conditions the values which
had evolved when forced motion was terminated. Results of
this procedure are shown in Fig. 2 in terms of the unsteady
lift, which was found to be most sensitive to numerical in-
stabilities. For three periods of free oscillation the variation in
C, was never more than 0.5% and it appeared that the in-
tegration could have proceeded indefinitely without instability
or loss of accuracy.

We now consider solutions of the coupled aeroelastic
equations for representative choices of the structural
parameters. Impulsive motion from an initial equilibrium
state will be the only type of motion considered here,
corresponding to the initial conditions

0(0)=a(0)=8(0)=c"(0)=8"(0)=0 (24a)
a’ (0) prescribed (24b)
03 T T T T
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Fig. 2 Comparison of forced and free oscillations for M, =0.72.
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with ¢ (£,7,0) given by the steady-state profile for M, =0.82.
The initial surface pressure distribution for this case is shown
in Fig. 3 where it is noted that a shock is present between
£=0.5 and £=0.6. The airfoil pitch point, aileron leading-
edge location, and aileron pitch point, respectively, were
selected as £,=0.25, £,=0.75, and £,=0.80. Non-
dimensional mass moments were chosen to be the following:

£,=—0.1818, £,=—0.0034 (25a)

£X=0.1141, §7=0.0346 (25b)

By way of comparison, if the airfoil is assumed to consist of a
homogeneous material of uniform density, then it may be
shown that

£,=—0.1818, £,=—0.0034 (26a)

&2 =0.0846, £7=0.0052 (26b)
Damping coefficients and reduced frequencies were selected
as

$o=8a=83=0.03 (272)

we=0.1, w,=02, w;=03 (27b)
In terms of the physical system these parameters correspond
to the relationships

D,/Dy=2/3, D, /c?D, =2 (28a)

K, /K;=~1.5 K,/c?K,~0.5 (28b)

which are considered typical for aeroelastic applications.

For all calculations the time step size A7 was specified to be
0.01745 which is equivalent to 360 time steps per period of
oscillation at a reduced frequency of 0.215. This represents
one chord length of airfoil travel in 12.344 time steps. Time
accuracy of the solutions was further confirmed by doubling
this nominal value of A7 and comparing with previous results.
It was found that solutions agreed to three significant figures
of accuracy in all dependent variables, even for the most
severe cases. When the time increment was increased by a
factor of five times the nominal value, however, com-
putations eventually became unstable. This was most likely
due to a violation of the time step size limitation with respect
to the shock wave motion across the computational mesh
which has been previously described. All calculations were
performed on a CDC Cyber 74 system and required ap-
proximately 20 min of central processing time for every 1000
time steps.

Solutions for the initial condition «’(0)=0.01745, 0.05235,
and 0.08725 will be considered. In dimensional units of
degrees (180 o’ (0)/7) these choices correspond to a’(0)=1,
3, and 5, respectively. For the reduced density, the values
w=1430, 2860, and 5730 were prescribed. These correspond
to u =25, 50, and 100, respectively, in units of inverse degrees
(mwu/180). For convenience, all further reference to prescribed
values of o’(0) and p will be made in terms of the indicated
dimensional quantities.

Unsteady airfoil displacements for the initial condition
a’(0)=1 and several values of reduced density appear in Fig.
4 where the homogeneous solution is provided for com-
parison. For small 7 the displacements reproduce the
homogeneous result because of the initial equilibrium state.
As u decreases, corresponding to greater aerodynamic loading
on the airfoil, the time-integrated results are seen to vary
slowly from the homogeneous solution. For u greater than
about 200 the homogeneous result was recovered intact by
integrating in time thus assuring accuracy of the numerical
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Fig.3 Initial surface pressure distribution for M_, =0.82.
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Fig. 4 Unsteady airfoil displacements for o’ (0)=1.

method. The displacements are seen to undergo a shift in
frequency for decreasing u which is most noticeable in the
plunge. Solutions for u =100 and =50 are damped in time
compared to the homogeneous result, while growing
oscillations are produced in the plunge and airfoil pitching
displacement for u=25. The aileron pitching displacement
appears to be damped for all values of u. Corresponding
aerodynamic coefficients for these cases are given in Fig. 5
where it is seen that they behave in a manner which is quite
similar to that of the displacements. Over 1000 time steps were
used to generate the solutions appearing in these figures.

Unsteady displacements for =25 and several values of
o’ (0) are shown in Fig. 6. These are now compared with the
undamped homogeneous solution (i.e., {, ={, ={; =0). It has
already been indicated that with u =25 and «’(0) =1 growing
amplitudes of some displacements were indicated when
compared to the homogeneous result. But as the
homogeneous solution is in itself damped, unless the {;’s=0,
this may be misleading especially because of the several
superimposed modes which are present in the solution for any
one of the displacements. The long-time behavior can always
be deduced by integrating sufficiently far in time, but this may
prove costly. If it is only desired to establish whether
oscillations are growing or damped by observing the relatively
small-time response, then comparison with the undamped
homogeneous solution may be quite useful.
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Fig. 6 Unsteady airfoil displacements for p =25.

Figure 6 indicates growing plunge oscillations for all values
of the initial condition with little change in frequency as a’(0)
is varied. For the airfoil and aileron pitching displacements,
only the case o’ (0)=35 appears to cause undamped motion.
The unsteady aerodynamic coefficients for these cases are
shown in Fig. 7. Once again the behavior is similar to that of
the displacements. The abrupt changes in slope of the aileron
moment coefficient are due to the unsteady motion of the
shock wave passing across the control surface. This is evident
from the surface pressure distribution shown in Fig. 8 for
7=35.5. The time here corresponds approximately to relative
maximums in the airfoil and aileron moments and a relative
minimum in the lift. For o’ (0) =5, the entire upper surface is
now subcritical while most of the lower surface has become
supercritical with the shock located near the trailing edge. It
will be recalled that in the initial profile a shock was present
on both surfaces near midchord (see Fig. 3). By comparison,
for the case «’(0)=1 the shock is displaced only slightly
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Fig. 8 Surface pressure distribution at 7 =5.5 for p =25.

forward on the upper surface and only slightly aft on the
lower surface from its initial position. This type of shock
wave motion is representative of that which can be simulated
by the low-frequency transonic equation.

As an example of the long-time behavior of the airfoil
response, integration for the case =25 and o’(0)=5 was
carried out for over 3000 time steps. Results of this extended
time history for the displacements appear in Fig. 9 where it is
now clearly seen that all exhibit increasing amplitudes. For the
acrodynamic coefficients shown in Fig. 10, irregular behavior
is beginning to appear when the displacement amplitudes
become large because of the increasing shock strength and its
motion. It should be noted, however, that for very large time
the displacements are so great that the small-disturbance
assumptions may have been violated. Large time results in
general should be regarded with caution due to the ac-
cumulation of truncation error incurred during the in-
tegration process. Time step size studies and the results of the
forced-free oscillation study tend to indicate that the solutions
presented here may be considered reasonably reliable.

Conclusions and Discussion

While the procedure described here does provide a method
for transonic analysis, several issues regarding the
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physical validity of the results should be addressed.
Specifically, the low-frequency approximation may be
questioned, particularly for the impulsive motions which have
been considered. Strictly speaking, this approximation
remains valid only for reduced frequencies of the order of
8°/3. Yet impulsive motions in general permit all frequencies
to occur within the solution time domain. Although it is clear
then that the results presented here cannot be accurate for
very small time, the question of whether or not the neglected
higher frequency effects play a role in the long-time
aeroelastic stability remains unanswered.

It was noted earlier that there is no explicit dependence
upon the airfoil plunge appearing in the unsteady surface
boundary condition. While this is consistent with the low-
frequency approximation, it does not preclude effects of the
plunge mode from determining the overall airfoil response
due to the explicit appearance of ¢ in the coupled aeroelastic
system.

For the present calculations, computational boundaries
were taken sufficiently far from the airfoil surface such that
no reflected disturbances were believed to have contaminated
the near-field solution. The work of Ref. 15 indicates that the
treatment of the far-field boundary condition (in LTRAN2) is
adequate for the types of motion which were considered. This
is especially important when obtaining extended time results.

A general procedure has been indicated for the aeroelastic
analysis of two-dimensional airfoils in transonic flows. The
method has been shown to be both stable and accurate and a
computational example for a physical situation of practical
interest-has been presented. Due to the inherent nonlinearity
of the transonic potential equation, various types of motion
were found to result depending upon the choice of initial
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conditions. This is quite unlike classical flutter analysis.
Physically, the initial conditions ¢’(0), «’(0), and 8’ (0) can be
interpreted as impulsive gust velocities. By varying these
parameters, it may then be possible to establish stability
boundaries. Because superposition cannot be applied,
however, combinations other than those given by Eq. (24)
must necessarily be considered. While this may involve a
considerable amount of computation, tinie integration does
provide one method for transonic aeroelastic analysis, in-
cluding a proper description of nonlinear shock wave motion,
which until now has largely been ignored.

Appendix: Time Marching Procedure

The fundamental problem of solving the combined
aeroelastic equations is that in order to advance the solution
for ¢ from one time level to the next, a time accurate
description of the boundary at the new time level is required.
But because the boundary at the new time depends itself upon
¢ at the new time, the two must be solved for simultaneously,
This- was accomplished in the following manner. It was
assumed that ¢, X, and C are known at several previous time
levels and it is desired to advance the solution at time 7 to time
7+ Ar. The following steps comprise the basic procedure: 1)
predict the solution for X at 7* =7+ A7 based upon C and X at
7; 2) compute ¢ at 7" =7+ A7 based upon the predicted
solution for X at 7*; 3) obtain C at 7* resulting from ¢ at 7*;
4) correct the solution for X at 7+ Ar based upon C and X at
7*; 5) recompute ¢ at 7+ A7 now based upon the corrected
solution for X at 7+ A7; 6) obtain C at 7+ A7 resulting from ¢
at 7+ Ar.

The solution may now be advanced to the next time level by
repeating steps 1-6.
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